The minimum co-degree threshold for a perfect matching in a k-graph with n vertices was determined by Rödl, Ruciński and Szemerédi for the case when n ≡ 0 (mod k). Recently, Han resolved the remaining cases when n ≡ 0 (mod k), establishing a conjecture of Rödl, Ruciński and Szemerédi. In this paper, we determine the minimum co-degree threshold for almost perfect matchings in k-partite k-graphs, answering a question of Rödl and Ruciński.
Introduction
A hypergraph H consists of a vertex set V (H) and an edge set E(H) whose members are subsets of V (H). A matching in H is a subset of E(H) consisting of pairwise disjoint edges. We use ν(H) to denote the maximum size of a matching in H. A subset I ⊆ V (H) is independent in H if H[I], the induced subhypergraph of H on set I, contains no edge.
Let k be a positive integer and [k] := {1, 2, ..., k}. For a set S, let
, and a k-uniform hypergraph is also called a k-graph. Let H be a k-graph. For l ∈ [k − 1] and S ∈ V (H) l , the neighborhood of S in H is the set N H (S) := {U ∈ threshold function is n/2 − k + C, where C ∈ {3/2, 2, 5/2, 3}, depending on the parity of n and k. When n ≡ 0 (mod k), Han [2] determined that ⌊n/k⌋ is the minimum co-degree threshold for an almost perfect matching in an n-vertex k-graph, by settling a conjecture in [8] . Note that when k ≥ 3 there is a gap between the threshold for a perfect matching and the threshold for an almost perfect matching. There has been a lot of work on l-degree conditions for large matchings, and we refer the reader to [9, 10] and references therein.
Let k be a positive integer. A hypergraph H is a k-partite k-graph if V (H) admits a partition V 1 , ..., V k such that |e ∩ V i | = 1 for all e ∈ E(H) and i ∈ [k]. The sets V 1 , . . . , V k are called partition classes. Let H be a k-partite k-graph with partition classes V 1 , ..., V k . A set S ⊆ V (H) is legal if |S ∩ V i | ≤ 1 for i ∈ [k]. The minimum l-degree of H, denoted by δ l (H), is the minimum degree over all legal l-subsets of V (H). δ k−1 (H) is also called the minimum co-degree of H.
Kühn and Osthus [4] showed that the minimum co-degree threshold for a perfect matching in a k-partite k-graph with n vertices in each part is between n/2 and n/2 + √ 2n log n. Aharoni, Georgakopoulos and Sprüssel [1] obtained the following stronger result: Let H be a k-partite k-graph with partition classes V 1 , . . . , V k , each of size n.
For almost perfect matchings in k-partitie k-graphs, Kühn and Osthus [4] showed the following: Let H be a k-partite k-graph with partition classes V 1 , . . . , V k , each of size n.
. Rödl and Rucínski [7] asked the following question: Is it true that, for every k-partite k-graph H with n vertices in each partition class, if δ k−1 (H) ≥ n/k then ν(H) ≥ n − 1? In this paper, we answer this question in the affirmative (for large n) by proving the following result. Theorem 1.1 Let k ≥ 3 be an integer and let H be a k-partite k-graph with n vertices in each partition class. Suppose n is sufficiently large.
The bound δ k−1 (H) ≥ n/k in Theorem 1.1 is best possible. To see this, let V 1 , . . . , V k be pairwise disjoint sets with |V i | = n for all i ∈ [k], and let U i ⊆ V i for i ∈ [k] such that |U i | = ⌊(n − 1)/k⌋. Let H 0 be the k-partite k-graph with partition classes V 1 , ..., V k such that, for each legal k-set e, e ∈ E(H 0 ) if and only if |e ∩ (
We remark that for n ≡ 1 (mod k), Han, Zang and Zhao [3] later showed that ⌊n/k⌋ is the right threshold for ν(H) ≥ n − 1.
Our proof of Theorem 1.1 will be carried out in two steps, similar to the argument in [2] , by considering whether or not H contains a large independent set. In Section 2, we prove Theorem 1.1 for the case when H has a large independent set, see Lemma 2.3. In Section 3, we prove Theorem 1.1 for the case when H does not contain a large independent set, see Lemma 3.5. Theorem 1.1 is an immediate consequence of Lemmas 2.3 and 3.5.
Hypergraphs with large independent sets
In this section, we prove Theorem 1.1 for the case when H contains a large independent set. We need a result of Pikhurko [6] . Lemma 2.1 Let k ≥ 2 be an integer and l ∈ [k − 1], let α > 0 be a constant and n be a sufficiently large integer. Let H be a k-partite k-graph with partition classes V 1 , . . . , V k and assume
First, we prove a bound on ν(H) by slightly weakening the lower bound condition on δ k−1 (H). This lemma is essentially the same as Theorem 11 in [4] . Lemma 2.2 Let n > 0, k > 0, r ≥ 0 be integers with n ≥ kr + (k − 1). Let H be a k-partite k-graph with partition classes V 1 , . . . , V k and let
Proof. Let M be a maximum matching in H. If |M | ≥ kr then ν(H) ≥ kr. We may thus assume |M | < kr. Hence, for i ∈ [k],
Since |M | < kr, it follows from the Pigeonhole principle that there exist e ∈ M and distinct
and, hence, (M − {e}) ∪ {f i ∪ {v i }, f j ∪ {v j }} is a matching in H whose size is larger than |M | = ν(H), a contradiction. ✷
We now prove Theorem 1.1 for the case when H has a large independent set. For convenience, we adopt the following concept which is a k-partite version of a concept in [2] . For 0 ≤ γ < 1, a k-partite k-graph H with n vertices in each partition class is γ-extremal if H contains an independent set W with at least ( 
Lemma 2.3 Let n, k be positive integers with k ≥ 3 and n sufficiently large. Let γ, ε be sufficiently small real numbers such that 0 < γ ≪ ε < 1/(100k 3 ),
where e H (x, W ) denotes the number of edges of H containing x and contained in W ∪ {x}.
We proceed by proving four claims. First we give a lower bound on
For, suppose this is not true and, without loss of generality, assume
where the last inequality holds since
On the other hand, since δ k−1 (H) ≥ n/k and W is independent,
Claim 2. There exists a matching
By Lemma 2.2, H −A ′ contains a matching of size at least kr, say M 0 . Write n = mk +s
, each edge of M 1 contains at least one vertex from D, and each edge of M 1 contains at most one vertex from
We construct such a matching greedily, by starting with the empty matching F 0 = ∅. Suppose for some i ≥ 0, we have constructed a matching F i such that each edge of F i contains at least one vertex from D and at most one vertex from A ′ .
We may assume D ⊆ V (F i ); for, otherwise, F i gives the desired matching
and, without loss of generality, assume
Since
as ε < 1/(100k 3 ) and n is sufficiently large. Thus there exists a vertex
Then, each edge of F i+1 uses at least one vertex from D and at most one vertex from A ′ . We may continue this process until we obtain a matching F t in H ′ such that D ⊆ V (F t ), each edge of F t uses at least one vertex from D, and each edge of F t uses at most one vertex from A ′ .
Clearly, t ≤ k(ε + γ)n as |D| ≤ k(ε + γ)n. So M 1 := F t is the desired matching.
. Therefore, we get
We now construct the desired matching M 2 greedily, starting with the empty matching R 0 = ∅. By the above expression, we have
Suppose we have constructed a matching R j in H ′ − V (M 1 ), for some integer j ≥ 0, such that
then M 2 := R j gives the desired matching for Claim 4.
So we may assume that for each
Note that f (l) ≡ 0 (mod k), since f (l) can be written as
and
We claim that f (k) ≥ 0. To see this, we first note that f (1) = ∆ j > 0 (as ∆ j ≥ 0 and
Continuing this process and using the assumption that f (l) = 0 for
. Then by Claims 2 and 3 and by the assumption that |R j | ≤ |M 1 |, we have
Clearly, by continuing this process, we obtain a matching F t which gives the desired matching for Claim 4.
Thus, it suffices to show, without loss of generality, that H[F 1 ] contains a perfect matching. We use Lemma 2.1; so we need to bound
, the number of legal (k − 1)-subsets of W not forming an edge with x is at most
Note that the number of legal (k −1)-subsets of
where the last inequality holds because
On the other hand, for any legal (k − 1)-set S ⊆ k j=2 (F 1 ∩ V j ) and large n, we have
So for any x ∈ A ′′ 1 and any
since ε < 1/(100k 3 ). By Lemma 2.1, F 1 contains a perfect matching M 1 . ✷
Hypergraphs without large independent sets
In this section, we prove Theorem 1.1 for the case when H does not contain large independent sets. First, we consider the case when the minimum co-degree is slightly below n/k.
Lemma 3.1 Let β be a constant with 0 < β < 1/2k 2 and let k > 0 be an integer. Let H be a k-partite k-graph with partition classes V 1 , . . . , V k such that
Proof. Let M := {e 1 , e 2 , ..., e m } be a maximum matching in H; so m = ν(H).
. By the maximality of |M |, U is independent in H. Thus, there exist k 2 pairwise disjoint legal sets
We claim that for i ∈ 
On the other hand, since |C ∩ e j | ≤ 1 and
Now we derive a lower bound on Next, we introduce a convenient concept which we will use to augment a matching. Let H be a k-partite k-graph with partition classes V 1 , . . . , V k such that
k+1 is said to be of type j if |S ∩ V j | = 2 and |S ∩ V i | = 1 for i ∈ [k] − {j}. For a set S of type j, an edge e ∈ E(H) is said to be S-absorbing if the following holds: there exist r ∈ [k] − {j} and v ∈ S ∩ V j such that e ∩ S = ∅, S e := (S − {v} − V r ) ∪ (e ∩ V r ) ∈ E(H) and e S := (e − V j − V r ) ∪ {v} ∪ (S ∩ V r ) ∈ E(H).
Note that if M is a matching in G and e ∈ M is S-absorbing for some S of type j such that S ∩ V (M ) = ∅ then (M − {e}) ∪ {S e , e S } is also a matching in H.
We now show that minimum co-degree conditions on three types of legal (k − 1)-sets will guarantee many S-absorbing edges for a set S of type j. Lemma 3.2 Let c be a real number with 0 < c < 1, let k, n be integers with k ≥ 3 and n sufficiently large, and let H be a k-partite k-graph with partition classes V 1 , . . . , V k such that |V i | = n for i ∈ [k]. Let r, s, t ∈ [k] be distinct and assume δ k−1 (e) ≥ cn for any legal e ⊆ j∈[k]−{i} V j for i ∈ {r, s, t}. Then for any S of type j with j ∈ {r, s, t}, the number of S-absorbing edges in H is at least c 3 n k /2.
Proof. Without loss of generality, we may assume that j = s = 1, r = 2 and t = k. Let
. So S is a set of type j = 1. We count S-absorbing edges {u 1 , . . . , u k } by choosing vertices
Note that δ k−1 (e) ≥ cn for any legal e ⊆ j∈[k]−{k} V j . Hence, for a given choice of {u i : in[k] − {1, 2, k} is (n − 1) k−3 , we have at least cn − 1 choices of u k ∈ V k − {v k } such that {v ′ 1 , v 2 , u 3 , . . . , u k } ∈ E(H). Since δ k−1 (e) ≥ cn for any legal e ⊆ j∈[k]−{2} V j , we have at least cn − 1 choices for u 2 ∈ V 2 − {v 2 } such that {v 1 , u 2 , v 3 , . . . , v k } ∈ E(H).
Again, note that δ k−1 (e) ≥ cn for any legal e ⊆ j∈[k]−{1} V j . So for a given choice of {u 2 , . . . , u k }, we have at least cn−2 choices for u 1 ∈ V 1 −{v 1 , v ′ 1 } such that {u 1 , u 2 , . . . , u k } ∈ E(H).
It is easy to verify that each {u 1 , u 2 , u 3 , . . . , u k } chosen above is S-absorbing. Therefore, the number of S-absorbing edges in H is at least
which is at least c 3 n k /2 for large n. ✷
We need Chernoff bounds in the lemma below, whose proof can be found in [5] . Analogous to Fact 2.3 in [7] , we prove a stronger version of the absorbing lemma for k-partite k-graphs. Lemma 3.4 For any constant c > 0, there exists an integer n 0 > 0 with the following property: If H is a k-partite k-graph with partition classes V 1 , . . . , V k such that |V i | = n ≥ n 0 (for i ∈ [k]) and δ k−1 (H) ≥ cn, then there is a matching M ′ in H such that |M ′ | ≤ (32/c 3 )(k+2) log n and, for any j ∈ [k] and any set S of type j, at least 4(k+2) log n edges in M ′ are S-absorbing.
Proof. Let C = 32(k + 2)/c 3 . Form the set M ′ ⊆ E(H) by choosing each edge of H independently and uniformly at random with probability p = (C/2)n −k log n. Thus, E[|M ′ |] = |E(H)|p ≤ n k p = (C/2) log n.
The number of ordered intersecting pairs of edges in E(H) is at most n k (kn k−1 ) = kn 2k−1 ; so the expected number of ordered intersecting pairs of edges in M ′ is at most kn 2k−1 p 2 = kC 2 log 2 n/(4n) = o(1).
By Markov's inequality, with probability strictly larger than 1/3, M ′ is a matching of size at most C log n.
